Abstract-Recent theoretical studies of physical-layer network coding (PNC) show much interest on high-level modulation, such as M -ary quadrature amplitude modulation (M -QAM), and most related works are based on the assumption of phase synchrony. The possible presence of synchronization error and channel estimation error highlight the demand of analyzing the symbol error rate (SER) performance of PNC under different phase errors. Assuming synchronization and a general constellation mapping method, which maps the superposed signal into a set of M coded symbols, in this paper, we analytically derive the SER for M -QAM modulated PNC under different phase errors. We obtain an approximation of SER for general M -QAM modulations, as well as exact SER for quadrature phase-shift keying (QPSK), i.e. 4-QAM. Afterwards, theoretical results are verified by Monte Carlo simulations. The results in this paper can be used as benchmarks for designing practical systems supporting PNC.
I. INTRODUCTION
Physical-layer network coding (PNC) [1] is considered as a promising technology to improve the throughput performance of wireless relaying networks. It employs both the broadcast nature of wireless channels and the natural network coding ability introduced by the superposition of electromagnetic waves. Between the two methods of PNC, i.e. amplify-andforward [2] and denoise-and-forward (DNF), the DNF method shows more performance advantages because it avoids noise amplification [3] . Hence, DNF has attracted much interest in recent research, and we also focus on DNF in this paper.
Recently, PNC (using the DNF method) with high-level modulations or nested lattice code attracts much interest [4] - [7] , but these are generally based on the assumption of perfect synchronization. Although there is also some work focusing on asynchronous PNC [8] - [10] , synchronous PNC still has advantages because it allows more efficient constellation design [4] and can make use of capacity-approaching channel codes [6] . The capacity region of the Gaussian two-way relay channel can also be reached with synchronous PNC [7] .
Progress on phase synchronization has been achieved in both theoretical works [11] , [12] and implementations [13] , under the context of distributed beamforming, which is a similar superposition-based cooperative technology. A phase synchronization scheme for PNC was also recently proposed in [14] . However, the aforementioned synchronization schemes may suffer from untrackable phase errors [15] . Because the synchronization may not be perfect due to noise [16] , the phase error between the signals keeps on increasing during the signal transmission period [11] . Also, in channels with imperfect channel state information (CSI), the phase error between signals may not be perfectly known to the relay [17] . The above problems affect the error performance of a practical system. Therefore, it is necessary to investigate how the phase error affects the performance of PNC, which we focus on in this paper.
In terms of error performance analysis for PNC, recent works focus on PNC with binary phase-shift keying (BPSK) or quadrature phase-shift keying (QPSK) [18] - [20] . The symbol error rate (SER) and bit error rate (BER) for BPSK and QPSK modulation was studied in [18] and [19] , where a polar coordinates method proposed by [21] was exploited. Due to its complexity, the polar coordinates method is difficult to apply to high-level M -ary quadrature amplitude modulation (M -QAM) modulation. It is also not suitable for analysis with phase error, since the undesired phase rotation degrades the geometrical regularity and makes it difficult to associate the angle with the radius in polar coordinates. In [20] , an approximation to the bit error rate (BER) for PNC with BPSK modulation over fading channels was obtained, but higher level modulations were not considered. Different from the existing works, we focus on the SER for M -QAM modulated PNC with arbitrary M and also consider different phase errors. The analysis with M -QAM is significant because M -QAM is widely applied to rate-adaptive communication systems.
In this paper, we analyze the SER for M -QAM modulated PNC with arbitrary phase error. We consider a general constellation mapping, which maps the superposed (2
constellation into a set of M coded symbols. By projecting the 2-dimensional signal onto the in-phase and quadrature axes, we derive an approximation of the SER for M -QAM analytically. Then we modify the results for general M -QAM and obtain the exact SER for QPSK, i.e. 4-QAM.
The remainder of this paper is organized as follows. Section II illustrates the system model and the decoding method, and discusses the ambiguity in constellation mapping. Section 
II. PRELIMINARIES

A. System Model
We consider a typical bidirectional relay network in which node R performs DNF relaying, as shown in Fig. 1 . The DNF process includes multiple access (MA) phase and broadcast (BC) phase. In the MA phase, end nodes A and B transmit square M -QAM modulated data to the relay simultaneously. The signal Y R received by R is given by
where S A and S B denote M -QAM signals from A and B respectively, and Z R is the additive white Gaussian noise (AWGN) at R. In this paper, perfect power control is assumed.
B. Minimum Distance Estimation
The minimum distance (MD) estimation is employed at the relay R to map the superposed signal Y R to a networkcoded symbol. With knowledge of CSI, the MD estimation can adjust decision boundaries. However, this feature may reduce Euclidean distances among adjacent constellation points when high-level modulation is performed. Although [9] proposed an adaptive mapping rule to address this problem, the end-toend throughput may suffer huge penalty when error occurs in channel estimation [17] . Inspired by recent progress on phase synchronization [12] , [14] , in this paper, we consider PNC with phase-level synchronization, in which each constellation point (ideally) appears in the center of the corresponding decision region, which maximizes Euclidean distances.
Since a M -QAM signal can be viewed as a complex √ Mary pulse amplitude modulation ( √ M -PAM) signal, its inphase component I R (k) and quadrature component Q R (n) can be extracted from the superposed constellation point S k,n , i.e. S k,n = I R (k)+Q R (n). Euclidean norms of these components are given by
where k, n ∈ {1, 2, · · · , 2 √ M − 1}, · stands for the Euclidean norm, and d denotes the Euclidean distance between two adjacent points in the constellation diagram for √ M -PAM. Based on (2) and (3), there are (2
The estimatedŜ k,n will be mapped into a network-coded symbol.
C. Ambiguity in Denoise Mapping
The denoise mapping at the relay R is generally nonbijective when performing PNC, i.e. different superposed signals may be mapped into the same symbol. However, the well known XOR mapping method causes ambiguity that identical superposed signals are mapped into different symbols when high-level modulations are performed [4] , [5] . The resolution proposed by [5] increases sum levels at R and adopts bijective mapping, which reduces Euclidean distances and excludes benefits from non-bijective mapping. Nevertheless, without increasing the number of constellation points, recent design to avoid ambiguity proposed by [22] maintains the non-bijective mapping.
For generality, in this paper, we assume a certain mapping rule C(·) which is unknown but features both non-bijective mapping and unchanged number of constellation points, i.e. the (2 √ M − 1) 2 superposed constellation points are mapped into M coded symbols. The network-coded symbol v is obtained by v = C(Ŝ k,n ). Subsequently, symbol v is transmitted in the BC phase and decoded by end nodes.
III. ERROR PERFORMANCE ANALYSIS
This section first analyzes the SER for M -QAM with arbitrary phase errors. Then, the specific case of QPSK (i.e. 4-QAM) is considered based on the results for general M -QAM.
A. Approximated SER for M -QAM Modulated PNC with Phase Errors
In this subsection, we derive an approximation of the SER for M -QAM modulated PNC with phase errors. It has been proven that the necessary and sufficient condition of unique decodability for PNC with M -QAM is that points in any √ M by √ M square in the constellation for superposed signals at the relay R are mapped into different symbols [22] . When M is large enough, the AWGN can hardly let the superposed signal go across several decision regions and reach a region that should be mapped to a coded symbol that is identical with the correct symbol. Thus, assuming a large M , we can safely neglect the probability that superposed signals appear in other identical-mapping regions. The numerical results in Section IV reveal that an M of 16 is adequate for this assumption to hold, while we can get an exact result when M = 4.
As depicted in Fig. 2 I B and Q B . The Euclidean norms of these components are given as
where i, i , j, j ∈ {1, 2, · · · , √ M } are the indexes of the constellation points, and d is obtained by [16] :
where E b represents the average bit energy of the received signal at the relay R. As illustrated in Fig. 2 , phase drift in the carrier of S A (which is composed of I A and Q A ) is expressed as a rotation by an angle of φ A . Likewise, the rotation of S B (which is composed of I B and Q B ) is φ B from the axes. Since a receiver usually performs channel estimation through preambles [15] , we assume that the receiver can only track the phase rotation from knowledge of the preamble at the beginning of each data frame. Hence, the receiver is unaware of these undesired rotations in the subsequent symbols, and the decision boundaries remain unchanged. When the MD estimation is performed, decision regions of the constellation at the relay R are bounded by straight lines parallel to coordinate axes under the condition of power control and synchronization. Consequently, the MD estimation in the 2-dimensional space can be separately performed on channels I and Q (I-axis and Q-axis). Decision boundaries for each constellation point S k,n in channels I and Q are given by Fig. 3 shows the decision boundaries in the I-channel, and any supposed constellation point without phase error on the I-axis is given by Assume the transmitted symbols are equiprobable, the error probabilities calculated on the I-axis and Q-axis are equal. Thus, we only focus on the decoding on the I-axis. As shown in Fig. 2 , the superposed signal (with phase error) in the Ichannel is given by
where proj [x] (y) denotes the orthogonal projection of the vector y into the line spanned by the vector x. Combining with (6)- (9), (12) can be rewritten as
Considering the different intervals of decision regions as shown in Fig. 3, for given i, i , j and j , error probability is analyzed for different superposed constellation points (μ 0 ). In the case of
√ M , the error probability is obtained by
where σ = N 0 /2 denotes the standard deviation of AWGN in the I-channel and N 0 is the noise power spectral density. In the case of μ 0 = 2(1 − √ M )d, i.e. i, j = 1, the error probability is given by
, the error probability is achieved by
For equiprobable symbols, any combination of (i, i , j, j ) shares the same probability 1/M 2 . Combining (14), (15) and (16), the error probability on the I-axis is given by
Then, we can obtain the approximation to SER for M -QAM modulated PNC:
B. Exact SER for QPSK Modulated PNC with Phase Errors
This subsection discusses the case of M = 4 (i.e. P-NC is performed with QPSK) and analyzes the exact error probability under different phase errors. In Section III-A, we approximated the SER by neglecting the probability of identical mapping. It is well known that with XOR network coding, the constellation mapping for QPSK modulated PNC makes no ambiguity. Therefore, we can investigate an exact error probability for QPSK.
When PNC is performed with QPSK, the in-phase component is given by I R (k) ∈ {−2d, 0, 2d}, and the mapping rule is that {−2d, 2d} is mapped into bit "0" and {0} is mapped into bit "1". Observing this "edge-identical" mapping, we modify (15) and (16), where μ 0 equals
, to achieve the exact SER for QPSK. Eqs. (15) and (16) can be combined as
Let (19) be the substitutes for (15) and (16) in (17) , and the exact SER for QPSK modulated PNC with phase error can be calculated with (18) .
C. Constraint on Phase Errors
Phase errors or undesired phase rotations cause mitigation of desired signals and generate undesired projections such as the projection of Q A and Q B on the I-axis, as shown in Fig. 2 . It is noted that the superposed signal μ may exceed decision boundaries and lead to erroneous decoding even without noise. Therefore, under any signal-to-noise ratio (SNR) value, μ should be restricted by μ ∈ (μ 0 − d, μ 0 + d) for any i, i , j, and j . According to (13) , the values of phase errors are directly related to the value of μ. Hence, we can obtain a constraint of the relationship among φ A , φ B and M :
which can also be rewritten as
where ρ(φ A , φ B ) and β(M ) are respectively defined as the metric for phase errors and the system bound to phase errors. The detailed derivation of (20) is shown in Appendix A. To ensure that every point is in its own decision region, φ A and φ B must conform to (21) . Since the cosine function is an even function and it decreases monotonically in the interval [0, π], (21) reveals that the absolute values of the phase errors should be controlled to be approximately equal, and their totals should be restricted.
IV. SIMULATION RESULTS
Considering different phase errors of φ A and φ B , this section confirms the analytical SER for M -QAM modulated PNC with Monte Carlo simulations. We perform simulations with 16-QAM and QPSK, to show the accuracy of the analytical approximation for general M -QAMs and the exact SER for QPSK. The constellation mapping method proposed in [22] is adopted for 16-QAM, and XOR mapping is used for QPSK. We investigate the theoretical and simulated values with different phase errors and under different SNR values. Fig. 4 shows the comparison between simulated results and the analytical results for 16-QAM. It can be observed that although the approximation given by (18) neglects the probability of identical mapping, the simulated results nearly coincide with the analytical approximation. One reason is that when M is large enough, the regions that are mapped into identical coded symbols are far away. Thus, the gap between the approximated probability and the exact probability is small. It follows that the approximation to SER in (18) is effective and accurate for general M -QAMs. Fig. 5 shows the comparison between the analytical exact SER for PNC with QPSK and its simulated results. It is apparent from Fig. 5 that the analytical results show good matches with the simulated results.
It is also observed in Fig. 4 that, when S A and S B suffer phase errors of φ A = φ B = 8.8
• , the shape of the SER curve differs from the typical waterfall shape. The reason is that phase errors of φ A = φ B = 8.8
• make the value of ρ (8.8 • , 8.8
• ) = 0.5906 approach the bound β(16) = 0.5893, according to (21) . This means that, with phase errors of φ A = φ B = 8.8
• , some constellation points nearly step on the decision boundaries, which may cause decoding errors even with high SNR. (16) . In this case, the SER does not keep decreasing with increasing SNR, but tends to converge to stable values, as shown in Fig. 4 . The reason is that some superposed constellation points lie in erroneous decision regions even without noise, when (21) is not satisfied. Hence, (21) can be regarded as a condition for the SER curve to keep an asymptotically decreasing trend. A similar trend can be observed for QPSK with φ A = φ B = 25
• , as shown in Fig. 5 .
We also find in Figs. 4 and 5 that positive and negative phase errors can lead to the same SER, and it is only the absolute values of phase errors that matter. This is because the symmetry of the constellation makes the distances among constellation points and decision boundaries be identically distributed under positive and negative phase rotations, although the constellation shapes may be different. This observation is also in accord with the fact that only the absolute values of phase errors are used for calculation in (21) . Another interesting observation is that, in low SNR regions in Fig. 4 , the SER curve for phase errors of φ A = φ B = 8.8
• outperforms the SER curve for phase errors of φ A = 0 and φ B = 15
• . However, ρ(0, 15
• ) is further away from β (16) . Similar phenomenon can also be observed for QPSK in Fig. 5 , with the phase errors φ A = φ B = 21.7
• and φ A = 0, φ B = 35
• . The reason is that the constraint (21) only corresponds to the worst case constellation points.
To investigate this phenomenon further, we take the superposed QPSK constellation as an example, as shown in Fig. 6 . In the following discussion, we call case A for φ A = φ B = 21.7
• (Fig. 6(a) ), and case B for φ A = 0 and φ B = 35 
6(b)
). We can observe that, in case A, the constellation points that are mapped to symbols "00", "01", and "10" are close to decision boundaries, while the point that is mapped to symbol "11" still remains in the center of its original (when there is no phase error) decision region. In case B, the constellation points corresponding to "11" also move close to the boundaries. At low SNRs, it is very likely that those constellation points that are near to decision boundaries are mapped into erroneous symbols. The SER in case A is slightly lower than the SER in case B because, in case A, the symbol "11" can be correctly mapped with a higher probability. At high SNRs, the SER tends to be dominated by those constellation points that are closest to decision boundaries, because all the other points can be correctly mapped with a high probability when the SNR is high. Since ρ(0, 35 • ) = 0.4404 > ρ (21.7 • , 21.7
• ) = 0.3955 > β(4) = 0.3536, the minimum distance between constellation points and boundaries is smaller in case A, compared with case B. Therefore, case A underperforms case B in high SNR regions. When we take a careful look at Fig.  6 , we can find that the "00" points in case A are closest to the boundaries compared to any other point in both cases A and B.
V. CONCLUSIONS
In this paper, we have analyzed the SER performance for PNC with M -QAM under arbitrary phase errors. In our analysis, we have considered a constellation mapping which maintains non-bijective mapping and the most common (2 √ M −1) by (2 √ M − 1) constellation. For this mapping rule, we have obtained an accurate approximation to the SER for M -QAM and achieved the exact SER for QPSK, analytically. We have also obtained a constraint on the maximum acceptable phase error to keep the SER decreases with the SNR. Simulation results show agreement with the analytical results. The results in this paper can be used as benchmarks for the design of synchronization and rate-adaptation schemes in the future. We have been considering deterministic phase errors in this paper. The case with random phase errors and channel gains will be considered in our future work.
